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A B S T R A C T 

The eddy current loss is one of important parts of total losses of transformers, which 

causes a reduced efficiency of the transformer. Recently, several methods (e.g., boundary 

finite element method, finite element method, subproblem method) to investigate and 

analyzed the influence and distribution of local quantities on the iron core, tank and 

shielding plate of distribution transformers. In this context, one-way coupling to global 

quantities considering as global current and voltage is proposed for computing the eddy 

current and joule power losses in shielding plates of transformers. This technique allows 

to couple local and global quantities in several steps. Each step is performed on an 

independent domain/mesh without dependence on to other domains/meshes. 

 

Notation: Some symbols are given below: 

𝑯𝒉
𝟎  (rot; Ω)    Curl-conform function space in Ω  

< ·, · > Surface integral of the product of its 

vector field argument 

(·, ·) Volume integral of the product of its 

vector field argument 

𝐇 Magnetic field (A/m) 

𝐁 Magnetic flux density (T) 

𝐄 Electric field (V/m) 

𝐃 Electric flux density (C/m2) 

𝐉𝑠 Electric current density (A/m2) 

𝐉 Eddy current density (A/m2) 

𝐣𝑓 Surface source field  

Ω Bounded open set of Ε3 

Γ Boundary of Ω (Γ = 𝜕Ω) 

𝜇 Magnetic permeability (H/m) 

𝜇𝑟 Relative magnetic permeability 

𝜎 Electric conductivity (S/m) 

𝒏  Unit normal exterior to Ω 

1. INTRODUCTION 

Many researchers have recently applied different methods, 

such as a traditional finite element method (FEM) and 

subproblem method (SPM) to evaluate eddy currents and 

joule power losses in the shielding plate of distribution 

transformers. The FEM was used in [1] to solve the above 

problems, but the direct application of this method for 

realistic structures is still very difficult due to the high aspect 

ratio of some parts of the transformer such as thin 

conducting regions, shielding plates and cover plates. In [2], 

authors also developed a sub-domain approach with the 

conform formulation to improve the accuracy of field 

calculations in thin shell (TS) models. Coupling is carried 

out in [2] without taking into account global variables such 

as current or voltage. In [3] and [4] a subproblem method 

was presented for treating errors on shielding models. In this 

study, the paper has used an h-conform formulation with a 

simply connected region to evaluate fields around the 

borders and corners of thin shells.  In [5] and [6] a magnetic 

vector potential formulation was developed with 

subproblem technique for improvement of TS models 

between a double conductiong region, and between non-

conducting and conducting regions.  and  for treating errors 

on shielding models. In [7]-[9] shielding structures were 

studied to minitage the influence of magnetic fields due to 

electric currents in power underground cables.  

In this research, one-way coupling technique is extended 

with the h-conform finite element formulations for coupling 

to global quantities, such as global current and voltage. The 

developed approach is organized in several steps. The inital 

problem consists in a masive coil on which either current or 

voltage can be imposed. The next problem which can be 

(shielding/thin plates or cover plates is solved with a coarse 

mesh without considering the previous problem (a massive 

coild) anymore. The solutions obtained at this step are not 
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yet accurate, thus a final step with the actual mesh is 

required to correct TS soltuions. Next steps, it can be 

contrained by surface sources (SSs) or volume sources 

(VSs) already defined in [4]-[7]. In addition, the solutions of 

developed method have been also compared with the TS 

solution of subproblem methods [3]-[5].  

2. MODELING OF MAGNETODYNAMIC 

PROBLEMS 

2.1. General magnetodynamic problem 

A model of electromagnetic problem is shown in Figure 2, 

where the BC ( 𝜕Ω ) of studied domain ( Ω ) is as 

𝜕Ω = Γ = Γh ∪ Γe. The terms Ii  and Vi  are respectively  the 

global current and voltage expressed as quantities of an 

external circuit.   The set of Maxwell’s equations and the 

behavior laws is written in the frequency domain as [10]-

[12]: 

rot 𝐇 = 𝐉𝑠,                                     (1) 

 rot 𝐄 = −𝑗𝜔 𝐁,                             (2) 

div 𝐁 = 0,                                       (3) 

𝐁 = 𝜇𝐇,   𝐉 = 𝜎𝐄.                     (4a − b) 

In (1), the quantity Js is considered as electrical current 

in the massive inductor. 

The fields such as B, H, E are defined in Ω (with Ω =
Ω𝑐 ∪ Ω𝐶

𝑐 ), where Ωc is the conducting domain and Ω𝐶
𝑐  is the 

non-conducting one. The field 𝐉 and Js are defined in Ωc . 

The boundary condition (BC) on  Γ𝑒 is 

 𝒏 × 𝐄|Γ𝑒
= 𝐉𝑓 .                                       (5)                                              

The fields (B, H, E, J) are determined  to satisfy the 

function spaces (that contain the fields defined on Γℎ and Γ𝑒 

of studied domain Ω) in Tonti’s diagram [10], that is, 𝐉 ∈
𝐇 (div; Ω), 𝐄 ∈ 𝐇e (rot; Ω), 𝐇 ∈ 𝐇h (rot; Ω)  and 𝐁 ∈
𝐇e (div; Ω). 

 

 
   Fig. 1. General magnetodynamic model. 

 

For global conditions, the current or voltage is considered 

as presented in Figure 2, where a source of the voltage V𝑖 or 

current 𝐼𝑖  between two electrodes of a domain Ω𝑔,𝑖  is 

defined through surface Γ𝑔,𝑖, i. e [3]. 

 
Fig.2. Coupling  global current (Ii) and voltage (Vi) [10]. 

     

∮ 𝐄 ∙ dl =  Vi𝛾𝑔,𝑖
   and    ∮ n ∙ 𝐉ds = Ii,𝛾𝑔,𝑖

       (6a-b)                            

where 𝛾𝑔,𝑖  is considered as the part of the boundary Γ𝑔,𝑖 

already presented in Figure 2.  

2.2. Magnetic field intensity weak formulations 

Based on the Maxwell’s equation defined in (1), the field H 

can be split as [18, 19]: 

𝐇 = 𝐇r + 𝐇s − grad φ,    for       rot 𝐇s = 𝐉s,         (7) 

where, 𝐇r is the reaction field defined in Ω𝑐  and 𝐇s is the 

source field defined in Ω𝐶
𝑐 . The field φ is the magnetic scalar 

potential defined in Ω𝐶
𝑐 . It is a single value via the cuts [3]. 

The 𝐇 -conform weak formulation is written via the 

Faraday’s law (1 b) and consititutive law (2a), i.e [19]. 

𝜕𝑡(𝜇 𝑯, 𝑯′)Ω + (𝐄, rot 𝑯′)Ω +< 𝒏 × 𝑬, 𝑯′ >Γ𝑒−Γ𝑡
+ 

 < [𝒏 × 𝑬]Γ𝑡
, 𝑯′ >Γ𝑡

= 0, ∀ 𝑯′ ∈  𝐇 ∈ 𝑯𝒉
𝟎  (rot; Ω),   (8) 

In Ω𝑐 , the electric field 𝐄  in (8) is defined by 𝐄 =
 𝜎−1rot 𝐇. Therefore, (8) can be rewitten as 

∂t(μ 𝐇, 𝐇′)Ω + (σ−1rot 𝐇, rot 𝐇′)Ωc
+ (𝐄, rot 𝐇′)ΩC

c  

+< 𝐧 × 𝐄, 𝐇′ >Γe−Γt
+< [𝐧 × 𝐄]Γt

, 𝐇′ >Γt
= 0,  

∀ 𝐇′ ∈  𝐇 ∈ 𝐇𝐡
𝟎 (rot; Ω), (9)    

By combining (5) and (7), it should be noted that rot 𝐇r 

= 0 in Ω𝐶
𝑐 . The test function 𝑯′ in (7) belongs to subspace of 

𝑯𝒉
𝟎  (rot; Ω) . Thus, the term  rot 𝐇𝐫

′ = 0  in Ω𝐶
𝑐 , for 𝐇′ =

𝐇𝐬
′ + 𝐇𝐫

′ . In addition, the integral of (𝐄, rot 𝐇′)ΩC
c   in (9) can 

be omitted. Therefore, (9) can be rewritten as 

∂t(μ 𝐇r, 𝐇′)Ω + (σ−1rot 𝐇r, rot 𝐇′)Ωc
+ (μ𝐇s, 𝐇′)ΩC

c + 

< [𝐧 × 𝐄]Γt
, 𝐇′ >Γt

+ < 𝐧 × 𝐄, 𝐇′ >Γe−Γt
= 0,  

∀ 𝐇′ ∈  𝐇 ∈ 𝐇𝐡
𝟎 (rot; Ω),   (10).  

The trace discontinuity < 𝐧 × 𝐄, 𝐇′ >Γe−Γt
 is the BC for 

for coupling to the global quanity will be presented in 

Section 2.3, while the trace discontinuity < [𝐧 ×
𝐄]Γt

, 𝐇′ >Γt
 is the interface condition (ICS) for the TS 

model that will be presented in Section 2.4. 

2.3. Coupling to global voltage for massive inductor 

As presented in Section 2.2, the BC of < 𝐧 × 𝐄, 𝐇′ >Γe−Γt
 

is the case for coupling to global quantity defined as a 

voltage 𝑉𝑖 that is given in (4 a). Based on the development 
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in [4], the first problem defined in Ω1   with a massive 

inductor alone is defined as 

∂t(μ 𝐇r, 𝐇′)Ω1
+ (σ−1rot 𝐇r, rot 𝐇′)Ω1,c

= Vi.        (11)    

For a massive inductor, (11) can be also presented as 

∂t𝜙 + RIi = Vi,                         (12) 

 where 𝜙 is the magnetic flux and R is the resistance. 

2.4. Thin shell model and actual volume 

The solution of (10) is now considered as a SS for the TS 

model linked to the trace of < [𝐧 × 𝐄]Γt
, 𝐇′ >Γt

 in (9) is 

presented as  [4] 

< [𝐧 × 𝐄]Γt
, 𝐇′ >Γt

= 𝐧 × 𝐄|Γt
+ − 𝐧 × 𝐄|Γt

− 

= 〈
1

2
[𝜇𝛽𝜕𝑡(2𝐇𝑐,𝑡 + 𝐇𝑑,𝑡) +

1

𝜎𝛽
𝐇𝑑,𝑡] , 𝐇c,t

′ + 𝐇d,t
′ 〉Γ𝑡

+ 

+ 〈
1

2
[𝜇𝛽𝜕𝑡(2𝐇𝑐,𝑡 + 𝐇𝑑,𝑡) −

1

𝜎𝛽
𝐇𝑑,𝑡] , 𝐇c,t

′ 〉Γ𝑡
−  (13) 

By substituting (13) into (10), one has a full weak form 

of the TS problem with the H-conform formulation, i.e, 

∂t(μ 𝐇r, 𝐇′)Ω + (σ−1rot 𝐇r, rot 𝐇′)Ωc
+ (μ𝐇s, 𝐇′)ΩC

c + 

〈
1

2
[𝜇𝛽𝜕𝑡(2𝐇𝑐,𝑡 + 𝐇𝑑,𝑡) +

1

𝜎𝛽
𝐇𝑑,𝑡] , 𝐇c,t

′ + 𝐇d,t
′ 〉Γ𝑡

+  

+ 〈
1

2
[𝜇𝛽𝜕𝑡(2𝐇𝑐,𝑡 + 𝐇𝑑,𝑡) −

1

𝜎𝛽
𝐇𝑑,𝑡] , 𝐇c,t

′ 〉Γ𝑡
− = 0,  

∀ 𝐇′ ∈  𝐇 ∈ 𝐇𝐡
𝟎 (rot; Ω), (14)    

The TS solution obtained  in (14) are finally improved by 

an actual volume (or volume correction) via the constrain of 

VSs (𝐁𝑠,𝑎𝑐𝑡𝑢𝑎𝑙  and 𝐄𝑠,𝑎𝑐𝑡𝑢𝑎𝑙) given by [3]: 

𝐁𝑠,𝑎𝑐𝑡𝑢𝑎𝑙 = (𝜇𝑎𝑐𝑡𝑢𝑎𝑙 − 𝜇𝒕𝒔)(𝐇𝑚𝑎𝑠𝑠𝑖𝑣𝑒 + 𝐇𝑡𝑠)    (15) 

𝐄𝑠,𝑎𝑐𝑡𝑢𝑎𝑙 = −(𝐄𝑚𝑎𝑠𝑠𝑖𝑣𝑒 + 𝐄𝑡𝑠)    (16) 

where, 𝜇𝑎𝑐𝑡𝑢𝑎𝑙 , 𝜇𝑡𝑠  are the permeablities of the actual 

volume and TS model, respectivley. The fields  

𝐇𝑚𝑎𝑠𝑠𝑖𝑣𝑒 , 𝐇𝑡𝑠 , 𝐄𝑚𝑎𝑠𝑠𝑖𝑣𝑒 , 𝐄𝑡𝑠  are respectively the magnetic 

field intensity and electric field computed from the massive 

coil and TS model. 

2.4. Computation of Joule power losses  

The joule power loss (𝑷𝒍𝒐𝒔𝒔)  can be computed with the 

below excpression: 

𝑃𝑙𝑜𝑠𝑠 =
1

2
∫

𝑱𝟐

𝜎
𝑑Ω,

Ω

                          (17) 

where, the field J  is defined in the plate. In order to calculate 

𝑃𝑙𝑜𝑠𝑠, it can be performed by post-processing via the gauss 

point intergration along the thickness of the thin plate. For 

that, (17) becomes as 

𝑃𝑙𝑜𝑠𝑠 =
1

2
∫

𝑱𝟐

𝜎
𝑑Ω ≈  

1

𝜎
∑(

𝑑

2
𝑤𝑔,𝑖𝑱)2,

𝑛

𝑖=1Ω

                      (18) 

where, d is the thickness of the thin plate, n is the number 

gauss points along the thickness and 𝑤𝑔,𝑖  is the 

corresponding  weight factor.  

3. EDDY CURRENT COMPUTATION IN A THIN 

SHIELD 

An application here is a shielding plate of a distribution 

transformer with parameters with the rated power  560kV, 

22/0,4kV. The model of the shielding plate is indicated in 

Figure 3 [1].  Massive inductors are three bus bars imposing 

by three balanced phase currents  (phase A, phase B and 

phase C): 𝐼𝐴 = 𝐼𝑚 sin(𝜔𝑡) ,  𝐼𝐵 = 𝐼𝑚 sin(𝜔𝑡 − 1200)  and 

𝐼𝐶 = 𝐼𝑚 sin(𝜔𝑡 + 1200). The thickness of shielding plate is 

6 mm. The distance between massive inductors (bus bars) is 

114 mm. The shielding plate is made of two different 

regions, where the region 2 is the non-magnetic material and 

the region 1 is the magnetic material. The conductivity and 

permeability are given in each case of the test. 

 

 

Fig. 3. Geometry of a shielding plate (dimensions are in mm) 

[1]. 
 

For the same material, one gets 1 = 234 = 4.07x106 

(S/m), r,1 = r,234  = 300 (relative magnetic permeabiltiy).  

The magnetic field distribution in a cut plane generated by 

global currents in the massive inductors is pointed out in 

Figure 5. 
 

 
Fig. 4. A 3D mesh of the massive inductors and shielding plate. 
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Fig. 5. Distribution of magnetic field in a cut plan. 

 

 

 

Fig. 6. Eddy current density in massive inductors (bus bars) 

(top) and a shielding plate (bottom). 

 

For the same material, one gets 1 = 234 = 4.07x106 

(S/m), r,1 = r,2,3,4  = 300.  The magnetic field distribution 

in a cut plane due to the global currents is presented in 

Figure 5. The eddy current distributions in the massive 

inductors and shielding plate generated by the magnetic field 

distribution are shown in Figure 6. It is shown that the 

hightest current density appears in phase C (Fig 6, bottom). 

In addition, eddy current density is more intense near the 

conductor surface of massive inductors and the shielding 

plate (Fig 6, top) due to the skin effect. The comparison of 

distribution of eddy current densitythrough the hole and 

along the border of the shielding plate is shown in Figure 7. 

The obtained results are also performed by both models (TS 

model and actual volume). It is shown that the errors on the 

TS model is around 35% for both cases (f = 50Hz, skindepth 

𝛿 = 2 mm) . In the similar way, for the case along the 

shielding plate, the discrepancy error between the TS and 

volume solutions is approximately 40% as in Figure 8.  The 

value of joule power loss density is 170W/m for the actual 

volume and  100W/m for the TS model. 

 

 

Fig. 7. Eddy current density distributions for the TS model and 

actual correction in the middle of the plate  (top) and  along the 

border of  plate (bottom), with the same material. 

 

 

Fig. 8. Comparison of Joule power loss distributions through 

the hole of shielding plate with the same material. 

 

Table 1.  Comparison of Joule power loss density for each 

part with the same properties of the conductivity and relative 

pemeability (1 = 234 = 4.07x106  (S/m);   r,1 = r,234  = 300;  f 

= 50Hz) 

Same material 
Joule power loss (W) 

Thin Shell FEM (vol)  

Part-1 415,04 450,94 

Part-2 5,337 5,782 

Part-3 26,180 28,326 

Part-4 25,115 27,146 

 

It can be seen that the part 2 has the lowest joule power 

loss in comparison with the part 3 and part 4. This means 
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that this is the region with the smallest magnetic flux 

density. 

For the different material, one gets: 1 = 4.07x106 (S/m) 

234 = 1.15x106 (S/m);   r,1 = 300;  r,234 = 1;  f = 50Hz. It 

means that the part 1 is the magnetic material and part 2, 3 

and 4 are the non magnetic materials. The joule power losse 

values of four parts with is given in Table 2. 

 

 

Fig. 9. A 3D mesh of the shielding plate with different parts 

(part 1, part 2, part 3 and part 4). 

 
Table 2.  The different properties of the conductivity and 

relative pemeability (1 = 4.07x106 (S/m); 234 = 1.15x106 

(S/m);   1 = 300;  234 = 1;  f = 50Hz) 

Different material 
Joule power losses (W) 

Thin Shell Volume 

Part-1 60,034 62.675 

Part-2 0.002993 0.02767 

Part-3 0.026545 0.01644 

Part-4 0.03712 0.02347 

4. CONCLUSION 

The h-conform finite element perturbation approach has 

been successfully extended to field-circuit coupled 

problems. The extended formulations makes it possible to 

evaluate the local and global fields due to the electric current  

in the bus bars with affects of different properties. The 

results obtained from the proposed method have been shown 

a general picture of magnetic fields, eddy current and joule 

power losses in the bus bars and shielding plate with the 

same and different materials. Specially, the comparison of 

obtained results between the previous study for thin shell 

models (i.e., [3], [4]) and the proposed method was 

illustrated. This is also confirmed that there is a very good 

agreement of the developed method in coupling to global 

quantities.  In particular, this test example allows researchers 

and designers to evaluate the influence of the material 

properties on the shielding plate of the distribution 

transformer of 560kVA-22/0,4kV. 

 The source-code developed in this paper was based on  

the one proposed in [3], [4], [9]. This is the source-code 

developed by author and two professors (Patrick Dular and 

Christophe Geuzaine) at the University of Liege, Belgium. 

It will be then ran in the background of the Getdp and Gmsh 

that can be modified to be suitable with studied problems 

[12], [13]. 

In the future  research,  the coupling to global quantities 

could be expaned for multi shielding plates  with the 

infuence of different materials (see e.g. [14]-[16]). Also, it 

could be extended for solving the practical problem in the 

time domain (see e.g. [17]).  
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